We discuss theoretical issues in rare and radiative kaon decays. The interest is twofold: to extract useful short-distance information and understand the underlying dynamics. We emphasize channels where either we can understand non-perturbative aspects of QCD or there is a chance to test the Standard Model.
Introduction
The Standard Model (SM) is in very good shape. However some questions, like a satisfactory solution of the hierarchy problem, do not have yet a satisfactory answer. Also some very decisive tests of the SM, like the g − 2 or the amount of direct CP violation in K L → ππ are plagued by uncertainties related to our ignorance on hadronic matrix elements. Thus our goal is to show that in rare kaon decays [1, 2, 3, 4] there are: i) Golden modes, like K → πνν [5] , completely dominated by short distance, where the SM is challenged to a very meaningful level, ii) channels, like K L → π 0 ee and K L → µµ , where our good knowledge of long distance dynamics allows us to single out quite accurately the interesting short distance dependence [6] , iii) channels like K S → γγ, completely dominated by long distance [7] but accurately predicted by chiral perturbation theory (χPT), and thus they are both important tests of the theory and also, as we shall see, relevant complementary channels to K L → π 0 ee. B-physics will test the SM measuring the CKM triangle [1] with sizes V * qb V qd ; the area of this triangle, J CP /2, is invariant for all CKM triangles and non-zero if CP is violated; in the Wolfenstein parametrization:
with V us = λ, V cb = Aλ 2 , ℑm(V td ) = −Aλ 3 η. As we shall see, as a consequence of our improved understanding of low energy physics we can test precisely (1) in rare kaon channels [1] . This is particularly exciting since there are several experiments aiming the required accuracy [3] . Since we will use some χPT results and to illustrate the relevance of the recent NA48 measurement of K S → γγ [8] , we will briefly mention some χPT achievements and then discuss respectively K → πνν, K → πee and the related decays K → πγγ.
Chiral Perturbation Theory and K S → γγ
QCD is non-perturbative at energy scales below 1 GeV and thus symmetry arguments must be invoked in order to be predictive. QCD for massless quarks exhibits the global symmetry SU(3) L ⊗ SU(3) R and there are strong phenomenological arguments (Goldberger-Treiman relation, ...) that the pion is the Goldstone boson of the broken symmetry SU(3) L ⊗ SU(3) R → SU(3) V . Thus χP T [2, 4, 9, 10] is an effective field theory based on the following two assumptions: i) the pseudoscalar mesons are the Goldstone bosons (G.B.) of the symmetry above, ii) there is a (chiral) power counting, i.e. the theory has a small expansion parameter:
χSB , where p is the external momenta, m the masses of the G.B.'s and Λ χSB is the chiral symmetry breaking scale: Λ χSB ∼ 4πF π ∼ 1.2 GeV. Being an effective field theory, loops and counterterms are required by unitarity and have to be evaluated order by order [2, 9, 10] . It turns out more practical to descibe the chiral fields through a non-linear realization, U = e i √ 2Φ/F and Φ = i λ i φ i , λ i are the Gell-Mann matrices, F ∼ F π . We can split the lagrangian in a strong (∆S = 0) and in a weak non-leptonic piece (∆S = 1): L = L ∆S=0 + L ∆S=1 , and then consider the chiral expansion
where χ is the appropriate SU(3)-spurion that generate the G.B. masses and the second terms in (2) and (3) represent respectively the strong O(p 4 ) (Gasser-Leutwyler [9] ) and the weak O(p 4 ) [11, 12] lagrangian. One of the most fantastic χP T predictions is the ππ-scattering lenght [4, 9, 10] in terms only of the pion decay constant, F π : the O(p 2 ) result in Eq. (2), describing simultaneously the pion kinetic term and pion interactions, is phenomenologically correct up to 30% corrections, fully predicted by the higher orders [13] .
K S → γγ has vanishing short-distance contributions and thus it is a pure long-distance phenomenon; since the external particles are neutral there is no O(p 2 ) amplitude. For the same reason, if we write down the O(p 4 ) counterterm structure, F µν F µν λ 6 QU + QU , this gives a vanishing contribution. This implies that at O(p 4 ): i) we have only a loop contribution in Fig. 1 and ii) this contribution is scale-independent [7] :
where G 8 , defined in (3) and G 27 , the coefficient of ∆I = 3/2-transitions are completely predicted by the K → ππ amplitudes. This is the ideal test of χP T (and in general of [7] effective field theories) at the quantum level. At higher order, O(p 6 ), π-loop corrections are small [14] , while contributions to A (6) from L 6 ∆S=1 , are chirally suppressed:
where c ∼ O(1) has to be determined phenomenologically but has no vector Meson (VMD) contributions and so it is not enhanced by the factor
Q is the diagonal quark electric charge matrix: Q = diag(2/3, −1/3, −1/3). So we can compare the O(p 4 ) prediction in (4) with the recent NA48 result [8] :
NA48 (2.78 ± 0.072) × 10
The error in the amplitude, is a success of the naïve expectation in (5), and fixes c in Eq.(5).
K → πνν
The SM predicts the V − A ⊗ V − A effective hamiltonian
W , θ W the Weinberg angle and X's are the Inami-Lin functions with Wilson coefficients known at next-to-leading order [5] . SU(2) isospin symmetry relates hadronic matrix elements for K → πνν to K → πlν to a very good precision [15] while long distance contributions are negligible [16] . QCD corrections have been evaluated at nextto-leading order [1, 17] and the main uncertainties is due to the strong corrections to the 
On the left side we show in the two ellipses the allowed region in theρ −η plane by the global fit without imposing the B(K + → π + νν); the dotted curves on the left define the B(K + → π + νν): 1 σ lower bound [22] : the mismatch between the central value implied by B(K + → π + νν) and the ellipses of the global fit can be also interpreted in terms of NP in ∆B = 2 transitions, then the effective supersymmetry scenario [26] (right side) may be appealing [22] ,Q i are the SU(2) L quark doublets charm loop contribution. The structure in (7) leads to a pure CP violating contribution to K L → π 0 νν, induced only from the top loop contribution and thus proportional to ℑm(λ t ) (λ t = V * ts V td ) and free of hadronic uncertainties. This leads to the prediction [5] 
K ± → π ± νν receives CP conserving and violating contributions proportional to ℜe(λ c ), ℜe(λ t ) and ℑm(λ t ). Theoretical uncertainty from the charm loop induces 8% error on the width. If one takes into account the various indirect limits, i.e.V ub and ε, on CKM elements one obtains the SM values [1, 5, 18] :
Two events have been observed by E787 [19] leading to
The direct existing upper bound for the neutral decay:
[20], can be improved according the following consideration: the isospin structure of any sd operator (bilinear in the quark fields) leads to the model independent relation among A(K L → π 0 νν) and A(K ± → π ± νν) [21] and to the interesting bound with E787 result [19] 
at 90%C.L.
Future measurements: i) K + , BNL (E787 and E949) should improve the present result, while CKM at Fermilab should measure the branching with a 10% accuracy, ii) K L , KOPIO at BNL and KEK are aiming to measure this channel [3] .
One can speculate that the central value in (10) is overshooting the SM prediction in (9) [22] and NP is required. Referring to the original reference (and [23] ) for a detailed discussion, we show in Fig. 2 the K ± → π ± νν preferred valuesρ −η versus the values allowed by sin(2β), ǫ and ∆M B d /∆M Bs . Then two possibilities are envisaged in order to reconciliate the central value B(K ± → π ± νν) (see Fig. 2 ) with the SM prediction in (9): i) NP in s → dνν implying NP in b → sνν or ii) NP in ∆B = 2. This last possibility seems also motivated by other B-observables, like B → πK [24] . However it is not harmless to add FCNC's. Let's look the SM Yukawa structure
where Q, U, D (L, E) are respectively the quark (lepton) doublets and singlets. Diagonalization of the quark matrices lead to the CKM unitary matrix, V ij and GIM mechanism for FCNC's. Neglecting strong corrections
In supersymmetry new flavour structures are generated by the soft mass terms:
The diagonalization of these contributions add new flavour matrices to the CKM V in (12) . For instance assuming the dominance of the LL gluino-sdown box diagrams in Fig.  3 [25]
where δ There are two scenarios that can justify the lack of FCNC's in eq. (14): effective supersymmetry [26] and Minimal Flavour violation (MFV) [27] . Effective supersymmetry still keeps naturalness by allowing only the third family of squarks to be below 1 TeV, then NP is expected in ∆B = 2-transitions (due to δ LL 13 ), while the first two families of squarks are decoupled, i.e. heavier than 5 TeV and δ LL 12 ∼ 0. This would be very exciting and a lot of phenomenolgy could be accessible in the near future [22, 24] .
However there is no obvious reason why the three families are so much different so that we have pursued also a a different strategy to have New Physics at the TeV scale but no FCNC's: NP must obey some flavour symmetry (MFV) so that GIM mechanism it is still at work for the the three families. In supersymmetry, for instance, this global symmetry would strongly constrain the flavor matrices in (13), so that (14) turns in [27, 28] : The flavour symmetry can be invoked in several contests. In fact it was originally introduced in Technicolour [29] to be protected from FCNC's: the underlying preonic dynamics, generating the vev's for the gauge and fermionic masses should preserve the global flavour symmetry G F broken only by some spurions
and spurion quantum numbers determined by (11) . This symmetry generates the L ∆F =2 in (15) . In order to solve the flavour problem this symmetry has been invoked also in supersymmetry, gauge mediation [30] and large extra dimensions [31] ((see Fig. 3 ). We have determined the general dim-6 lagrangian consistent with the symmetry in (16) in terms of some unknown coefficients c n
Several intersting results have been obtained from this analysis: i) putting c n ∼ 1 we can obtain strong constraints on Λ from different processes, i.e. ǫ K , ∆m B d =⇒ Λ > 5TeV [27, 32] and B → X s γ =⇒ Λ > 8TeV [27] , ii) interesting new correlations among B and
, etc. to be tested in the very near future with the B-and K-factories and iii) if the CKM matrix elements are known with 5% accuracy, a measurement at some percent level of B(K L → π 0 νν) has the chance to be the deepest probe of the SM; in fact Λ M F V can be pushed to 12TeV [27] . Still in the MFV framework but with two Higgses, i.e. in the case in which both Higgses are pretty light, we have obtained all tan β-enhanced Higgs-mediated FCNC's contributions. Their effects in B → ℓ + ℓ − , ∆M B and B → X s γ are particularly relevant [27] . Figure 4 : K L → π 0 γγ: unitarity contributions from K → 3π: X, Y Dalitz var. [40, 41] 4 K → πγγ decays and the CP-conserving
− is a classic example of how our control on low energy theory may help to disentangle short-distance physics. In fact the effective current⊗current structure of weak interactions obliges short-distance contributions to
0 νν, discussed in the previous section to be direct CP-violating [1, 10] . However, differently from the neutrino case, K L → π 0 ℓ + ℓ − receives also non-negligible long-distance contributions: i) indirect CP-violating from one-photon exchange, discussed in the next section, and ii) CP-conserving from two-photon exchange, where the photons can be onshell (two-photon discontinuity) and thus directely related to the observable K L → π 0 γγ decay, or off-shell and then a form factor should be used [33] . It is possible to avoid the potentially large background from K L → e + e − γγ [35] by studying time interferences [34] . The present bounds (at 90% CL) from KTeV [3, 36] are
and
The general amplitude for K L (p) → π 0 γ(q 1 )γ(q 2 ) can be written in terms of two Lorentz and gauge invariant amplitudes A(z, y) and B(z, y) :
where also in D-wave and so the resulting
CP C , does not suffer from the electron mass suppression [37, 38] .
is affected by two large O(p 6 ) contributions: i) the full unitarity corrections from K → 3π [40, 41] in Fig. 4 and ii) local contributions. Fig. 4 enhances the O(p 4 ) branching ratio by 40% and generates a B-type amplitude. Local contributions are generated by three independent counterterms, as the one in Eq. (5), with the unknown coefficients α 1 , α 2 and β leading to contributions to A and B in Eq. (19) [41] :
If we assume VMD [42, 43] , these couplings are related in terms of one constant, a V :
Though chiral counting suggests α i , β ∼ 0.2, VMD enhances this typical size. Actually a model, FMV, describing weak interactions of pseudoscalars (φ's) with vectors, L
, based on factorization and couplings fixed by the Wilson coefficient of the
Two experiments have measured these decays in terms of one parameter, a V : KTeV [45] and NA48 [46] . Their results and spectrum are shown in from Fig. 5 As we can see from Fig. 5 the spectrum at low z is very sensitive to the value of a V , or more generally to the size of the amplitude B in Eq. (19) . Since NA48 sees no evts. one can put the bound shown in Fig. 5 for this contribution. Recently Gabbiani and Valencia [47, 48] suggested to fit the experimental z-spectrum (and the rate) with all three parameters in Eq. (21) . In fact, VMD even in the best case is known to be only a good approximation and thus we think this is a non-trivial VMD test. An important issue is that while the size of B(K L → π 0 e + e − )
γγ on−shell CP C is an issue that can be established firmly from the K L → π 0 γγ spectrum, the contribution when the two intermediate photons are off-shell is model dependent and a form factor is needed [33] . More theoretical work is needed and probably a partial answer can come from the measurement of K L → π 0 γγ * [49, 50] . Another interesting perspective is the muon polarization in K L → π 0 µ + µ − : here the B−type amplitude is not dominant but the Greenlee background is more under control [51] .
. The decay amplitudes can in general be written in terms of one form factor W i (z) (i = ±, S):
can be decomposed as the sum of a polynomial piece plus a nonanalytic term, W ππ i (z), generated by the ππ loop, analogously to the one in Fig. 4 for K L → π 0 γγ, completely determined in terms of the physical K → 3π amplitude [53] . Keeping the polynomial terms up to O(p 6 ) we can write
where the parameters a i and b i parametrize local contributions starting respectively at O(p 4 ) and O(p 6 ). Recent data on K + → π + e + e − and K + → π + µ + µ − by BNL-E865 [54] have been successfully fitted using Eq. (25) and lead to a + = −0.587 ± 0.010,
Recentely HyperCP [55] has attempted to measure the CP-violating width charge asymmetry in K ± → π ± µ + µ − and it has found that it is consistent with 0 at 10% level. Though the CKM prediction with accurate cuts is ∼ 10 −4 [53] , we are beginning to test new physics affecting the operatorsdμµ [56] . The experimental size of the ratio b + /a + exceeds the naive dimensional analysis estimate
2, but can be explained by a large VMD contribution. Chiral symmetry alone does not allow us to determine the unknown couplings a S and b S in terms of a + and b + [52, 53] . Neglecting the ∆I = 3/2 suppressed non-analytic term W ππ S (z), we obtain [53] B(K S → π 0 e + e − ) = 46.5a
The recent experimental information B(K S → π 0 e + e − ) < 1.4 × 10 −7 [57] let us derive the bound |a S | ≤ 5.3; NA48 [58] and maybe KLOE [59] will assess in the near future the [12, 70] . Regarding the small difference among the two curves in this plot, it is worthing pointing out that an analogous difference has been detected by KTeV in
showing large VMD also in the neutral channel value of this branching at the least for values of a S of order 1. Of course even a strong bound is relevant, since it will ensure that this contribution is not dangerous to measure direct CP violation in K L → π 0 e + e − . We remark that even a sizeable a S : a S < −0.5 or a S > 1, will lead to an interesting interference:
where λ t = V td V ts . The sign of the interference term is model-dependent, but, however is not a problem to determine ℑλ t accurately (up to a discrete ambiguity).
Outlook
Several other channels are interesting: K L → µ + µ − , for instance is interesting to determine V td . To this purpose an accurate knowledge of the long distance contribution, A LD , is required. Several theoretical methods have been suggested to describe the relevant form factor, based on several theoretical arguments [60, 61, 62] . A virtue of the the form factor in Ref. [61] is to be testable. In fact the parameters and shape [3, 6] can be accurately measured and tested. Recentely Ref. [62] has pointed out that in the limit of large N c , the form factor of Ref. [61] may not completely satisfy QCD matching. However the corrections might be small. Experimental results are promising [63] and they have the chance to accurately test the appropriate form factor [3, 6] . NA48 has already seen K S → π 0 γγ [64] , however larger statistics is required in order to go beyond the dominance of the π 0 -pole [39] . In the near future NA48 [58] will give other interesting results on rare K S -decays: we are looking forward to their result on K S → π 0 e + e − . Also the improvements by NA48 [65] on the charge asymmetries should be exciting: K + → π + ππ, K + → π + π 0 γ and K + → π + l + l − [4, 56] , K + → π + γγ [66] ; this will definetely lead also to improve the CP conserving decays K + → π + γγ, K + → π + π 0 γ previously measured in Ref. [67] and in Ref. [68] respectively: these channels have their own theoretical interest (see [69] and [70, 72] ) and furnish additional information to the neutral decays K L → π 0 γγ and K L → π + π − γ. In particular we could have insights on the VMD in O(p 4 ) lagrangian in Eq.(3) [11, 12] . Interesting future experimental prospects have been exploited for instance in Ref. [3] and other may arise if for instance NA48 will measure in K S → π 0 e + e − an interesting size for a S (see Eq. (28)) [34] .
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